Quantum Hall effect in carbon nanotubes and curved graphene strips 
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We develop a long wavelength approximation in order to describe the low-energy states of carbon 
I nanotubes in a transverse magnetic field. We show that, in the limit where the square of the 

■ magnetic length I — y^hc/eB is much larger than the C-C distance times the nanotube radius 

' R, the low-energy theory is given by the linear coupling of a two-component Dirac spinor to the 

[ corresponding vector potential. We investigate in this regime the evolution of the band structure 

of zig-zag nanotubes for values of R/l > 1, showing that for radius ii ~ 20 nm a clear pattern of 
Landau levels start to develop for magnetic field strength B > 10 T. The levels tend to be four- 
fold degenerate, and we clarify the transition to the typical two-fold degeneracy of graphene as the 
0^ . nanotube is unrolled to form a curved strip. We show that the dynamics of the Dirac fermions 

leads to states which are localized at the flanks of the nanotube and that carry chiral currents 
in the longitudinal direction. We discuss the possibility to observe the quantization of the Hall 
conductivity in thick carbon nanotubes, which should display steps at even multiples of 2e^ /h, with 
'" ^ . values doubled with respect to those in the odd-integer quantization of graphene. 

^ i I. INTRODUCTION 

a . 

Two-dimensional carbon compounds with sp^ bonding have attracted recently much attention, due to the experi- 
' mental observation of a number of novel electronic properties. It has been possible to measure the transport properties 
of a single layer of graphite (so-called graphene), providing evidence that the quasiparticles have a conical dispersion 
around discrete Fermi pointsii^. Carbon nanotubes can be also considered as the result of wrapping up the graphene 
'"^ ■ sheet, leading to systems with unconventional transport properties that reflect the strong electron correlation"^'^. 

' The metallic carbon nanotubes and the graphene sheet have in common that their low-energy electronic dispersion 
O is governed by a massless Dirac equation, around each of the two Fermi points of the undoped systemsS.i§.!l. The 
appearance of an additional pseudo-spin quantum number intrinsic to the Dirac spectrum has allowed us to understand, 
for instance, the degeneracy of the molecular orbitals in the fuUerenes?-, the quantization rule of the Hall conductivity 
in graphene^iiS, or the properties of the polarizability in carbon nanotubesii. 
^ ' In this paper we investigate the effects of a transverse magnetic field on the transport properties of the carbon 
nanotubes, making use of the description of the electronic states in terms of Dirac fermion fields. The low-energy 
graphene band structure can be obtained by taking a continuum limit in which the momenta are much smaller than 
. the inverse of the C-C distance o^i^ii. In the case of carbon nanotubes under transverse magnetic field, a sensible 
continuum limit requires also that the square of the magnetic length l"^ = hc/eB is made much larger than a times 
the nanotube radius, so that lattice effects can be disregarded. In that limit, we will obtain a simple field theory of 
Dirac spinors coupled to the magnetic field, allowing us to investigate the dependence of different features of the band 
f-*) ] structure on the topology of the space. 
• • We will see that carbon nanotubes of sufficiently large radius may have a quantum Hall regime, with a quantized 

Hall conductivity axy In the case of graphene, it has been shown that axy has plateaus at odd multiples of 2e^/ft^'^', 
as a consequence of the peculiar Dirac spectrum^iiiS. We will find that the different topology of the carbon nanotubes 
^ ' leads instead to a quantization in even multiples of the quantity 2e^//i, with steps in a^y which are doubled with 
5^ , respect to those in graphene. We will also show how the transition to the odd-integer quantization of graphene takes 
place, as the nanotube is unrolled into a curved strip. 
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II. CONTINUUM LIMIT OF CARBON NANOTUBES IN TRANSVERSE MAGNETIC FIELD 



In this section we show how to take the continuum limit of carbon nanotubes, when the relevant electronic excitations 
have a wavelength much larger than the C-C distance a. We illustrate this long-wavelength limit in the case of zig-zag 
nanotubes, noting that the procedure works similarly for different helicities. The zig-zag nanotubes have a unit cell 
with length 3a, containing four transverse arrays of carbon atoms at different longitudinal positions Xj — 0, a, 3a/2 
and 5a/2, as shown in Fig. [TJ This introduces a flavor index j = 1, ... 4 labeling inequivalent atoms in the unit cell. It 
is convenient to introduce the Fourier transform of the electron operator '^{xj -\- 3TOa,n) with respect to the position 



FIG. 1; Schematic representation of the lattice of a zig-zag nanotube, showing the four different levels of inequivalent atoms in 
a unit cell. 



of the carbon atoms n 



1,2,. 



. N in each transverse section 
"^{xj + 3ma, n 

p 



(1) 



where m ^ Z runs over the different cells. The index p labels then the different ID subbands, p = 0, ±1, . . .± (A^ — 1)/2 
(or N/2) for the case of odd (even) iV. 
Within the tight-binding approach, the hamiltonian for the zig-zag nanotube (without magnetic field) is given by 

Htb = -<^*^(m,p)*2(m,p) 

p,m, 

-t ^ Zp^- J (m, p)^'3(m, p) 

p,m 

-<^0**|(m,p)*i(m + l,p) 



h.c. 



(2) 



where t is the hopping integral and Zp = 1 + exp{i2T:p/ N) . In the absence of magnetic field, the different subbands 
labeled by p are decoupled and, after introducing the longitudinal momentum k, the hamiltonian corresponds to a 
4x4 matrix describing the unit cell: 



P,P' lB=Q 



V 



1 e-'^'"'zp \ 

1 Zp 
z; 1 





(3) 



The diagonalization of ([3]) leads in general to massive subbands with parabolic dispersion, with a gap 2Ap — 
2t\l — 2 cos(7rp/A^)|. We note that, whenever is a multiple of 3, the gap vanishes for p — ±N/3 and we get two 
different couples of massless branches crossing in each case at fc = but with opposite angular momentum around 
the nanotube. In general, the dispersive branches can be decoupled from the high-energy branches that appear near 
the top of the spectrum. It turns out that the low-energy dispersion corresponds to two reduced 2-component spinors 
described each by the 2x2 hamiltonian 



vp^k Ap 



(4) 



where the Fermi velocity is vp — 3ta/2Ti. We see that the two components of each spinor, that we will denote by 'f/j 
and correspond respectively to right- and left-moving modes, which are mixed by the massive (off-diagonal) term 
of the hamiltonian. 
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The magnetic field is introduced with the usual prescription of correcting the transfer integral t by appropriate 
phase factors 



J4> 



exp A.dl 



(5) 



depending on the vector potential A between nearest-neighbor lattice sites at r and r'. For a magnetic field perpendic- 
ular to the carbon nanotube, the component normal to the surface has a periodic dependence on the angular variable 
9 around the tube. Taking the longitudinal distance x and the angle 9 as coordinates on the nanotube surface, a 
convenient choice of the gauge is given by 



A = {RBsm{9),0) 

R being the nanotube radius. The phase (/) gets then a modulation around the nanotube^^ 

(/) cx a(e/?ic)Bi?sin(27rn/iV) n=l,...N 



(6) 



(7) 



The feasibility of the continuum limit requires that {e/hc)BRa <^ 1. When this condition is satisfied, we can deal 
with the linear approximation to the exponential ([5]). We observe then that the effect of the magnetic field is to mix 
a given subband p with its nearest neighbors p ± 1. This introduces another contribution to add to the hamiltonian 
(131), given by 
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By projecting again onto the two-dimensional low-energy space, ATip^pi becomes 



An. 



±ivF{e/c)BR/2 
i TivF{e/c)BR/2 



Sr,' 



The hamiltonian can be more easily expressed when acting on the two-component Dirac spinor 



(9) 



(10) 



depending on the angular variable 9 around the tubule. We recall that there are in fact two different spinors describ- 
ing states with opposite angular momentum around the nanotube. For a nanotube without gap, for instance, the 
hamiltonian is in either case 



n 



vphk + VF^sinie) 
—i{hvp/a)d0 



~i{hvp/a)de 
-VFhk-VF—sm{9) 



(11) 



where the periodic modulation matches with the orientation of the magnetic field normal to the nanotube surface at 
9 = 0. Expression (llip corresponds actually to the Dirac hamiltonian with the usual prescription for the coupling to 
the vector potential, hk ^ hk + (eBR/c) sm{9). We will see, however, that this simple gauge coupling does not hold 
in all cases, when discussing the curved graphene strips in the next section. 



III. LANDAU LEVEL QUANTIZATION 

We have diagonalized numerically the hamiltonian H made of the sum of ([4|) and ([9]), for different carbon nanotubes 
with radius i? 20 nm and magnetic field B varying between T and 20 T. We have checked that, for aR/P ^ 1, the 
eigenstates of Ti. provide a good approximation to the low-energy band structure obtained from the full tight-binding 
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hamiltonian incorporating the phase factors ([5]) for the different bonds. We present our results showing the evolution 
of the band structure computed from the hamiltonian 7i for two different zig-zag nanotubes, corresponding to (510,0) 
and (500,0) geometries in the usual notation. We observe that, while the latter has a small gap in the absence of 
magnetic field, the evolution represented in Figs. [5] and [3] ends up in quite similar shapes for the band structure at 
strong magnetic field (« 20 T) . The closure of the gap at a magnetic field S < 5 T is consistent with the results for 
semiconducting carbon nanotubes in Ref. [l3|. From there we can infer that the magnetic field needed to close the 
gap of a nanotube with radius R — 10 nm must be of the order of ~ 10 T. This field strength would be reduced by 
a factor of 4 after doubling the nanotube radius, keeping the same ratio of R/l. For the larger radius i? « 20 nm 
in our analysis, we find that the band structures at _B = 5 T in Figs, [ll^b) and [3Kb) only differ in the position of 
some unpaired subbands in the latter figure. At i? = 10 T a discrepancy between Figs. (He) and [2Kc) is only found 
in the high-energy part of the plots, and at B = 20 T the band structures for the metallic and the semiconducting 
nanotube represented in Figs. [^Jd) and[3Kd) are practically similar. This illustrates a more general result, which is 
that the form of the low-energy Landau subbands does not depend on the particular geometry of nanotubes with 
similar radius at such strong magnetic fields. 

We have to point out however that the evolution of the band structure of the thick nanotubes considered here is 
quite different from that of carbon nanotubes with typical radius {'^ 1 nm) in strong magnetic fields. The latter 
have been investigated in Ref. I14J, where typical oscillations have been reported in the low-energy levels of carbon 
nanotubes with R ^ 1 nm as the magnetic field is increased to ratios of R/l = 3. The reason why the low-energy 
levels do not stabilize at increasing magnetic field can be traced back to the fact that, for such thin carbon nanotubes, 
there is no regime where the continuum limit with aR/P ^ 1 can be realized. In these cases, by the time that we 
have R^ I, the magnetic length cannot be much larger than the C-C distance, so that a quantum Hall regime cannot 
exist in thin carbon nanotubes of typical radius. This can be also appreciated in the results of Ref. 15, where the 
density of states of several carbon nanotubes is represented at very large magnetic fields, with a marked difference 
between the cases of thin and thick nanotubes. It has been shown for instance that the density of states for nanotube 
radius i? « 14 nm already resembles that of the parent graphene system, with clear signatures of Landau subbands 
in the low-energy part of the spectrum. 

As represented in Figs. [2] and [31 our thick nanotubes develop in general two valleys at zero energy (that appear 
superposed in the figures) expanding around the two Fermi points of the parent graphene system at _B = 0. We see 
that flat Landau levels start developing already at i? = 10 T (Fig. [DJc)). The existence of a zero-energy level at fc = 
has been shown to be a robust property of carbon nanotubes in a transverse magnetic fields?'--?. We have checked that, 
for large magnetic field strength (as in Fig. [DJd)), the energy levels at fc = follow the quantization rule e„ oc y/n^, 
which is peculiar of graphen o^^i^^ . The point that we want to stress here is our observation that the levels at fc = 
are four-fold degenerate, including the zero-energy level, for any kind of nanotube geometry. This is in contrast with 
the case of planar graphene, where the zero-energy level is doubly degenerate. The reduction in the number of zero 
modes comes from the fact that the boundary conditions in the plane impose in general the hybridization of states 
with opposite transverse momentum, while they are otherwise independent in the tubular geometry. As we will see, 
this bears a direct relation to the quantization of the Hall conductivity in even multiples of 2e^//i in the carbon 
nanotubes. 

A relevant question is how the four-fold degeneracy of the above band structure can evolve into a picture consistent 
with the odd-integer quantization of the Hall conductivity in the planar graphene samples. This can be clarified by 
studying the change in the band structure after cutting the nanotube along the longitudinal direction. If we cut along 
a maximum in the normal component of the magnetic field, this leads to a strip with a dependence of the tight-binding 
phase as in ([7|) 

cx a{e/nc)BRsm{2TTn/N) (12) 

We may obtain the band structure from the spectrum of an imaginary nanotube made by matching two copies of the 
strip, after projection onto the set of odd eigenmodes of the nanotube (which correspond to the stationary waves in 
the transverse direction of the stripi^). The phase cf) in the imaginary nanotube has to keep the mirror symmetry 
between the two copies. This leads to a function which does not have continuous derivative at the matching point of 
the two strips, with an infinite expansion in the modes around the nanotube. The corresponding interaction term is 

Anp,p, = V,P±2™+i/(p - P') ( "^(^Vc)Si?/2 J \ (13) 

with f{p) = — 8/7r(p^ — 4). The band structure obtained after projection of the spectrum of H onto the odd eigenmodes 
of the nanotube is represented in Fig. [D We observe that states that were at zero energy in the plot of Fig. [IJd) 
form two subbands dispersing towards higher energies, and two other dispersing downwards. In these conditions, only 




FIG. 2: Sequence of band structures of a zig-zag (510,0) nanotube with radius i? « 20 nm in transverse magnetic field, for 
B = T (a); B = 5 T (b); B = 10 T (c); B = 20 T (d). B = 20 T corresponds to aR/l^ « 0.1 and R/l ^ 3.5. Energy is in 
units of t and momentum is in units of A~^. 



0.1 
0.05 
e 

-0.05 
-0.1 




-0.15 -0.1 -0.05 0.05 0.1 0.15 

k (A-') 
(a) 





-0.15 -0.1 -0.05 0.05 0.1 0.15 

k (A-') 
(c) 



-0.15 -0.1 -0.05 0.05 0.1 0.15 

k (A-') 
(b) 




-0.15 -0.1 -0.05 0.05 0.1 0.15 

k (A-') 
(d) 



FIG. 3: Sequence of band structures of a zig-zag (500,0) nanotube with radius i? w 20 nm in transverse magnetic field, for 
B = T (a); B = 5 T (b); S = 10 T (c); S = 20 T (d). Energy is in units of t and momentum is in units of A'^ 



one valley is left at zero energy, evidencing the transition to the odd-integer quantization of the Hall conductivity of 

graphene. 

A more complete picture of this transition can be obtained by studying an intermediate situation, where the 
nanotube has been cut longitudinally as before and opened by an angle of tt in the transverse magnetic field. This 
case is simple to analyze, since it corresponds to a strip with a modulation of the tight-binding phase given by 



4> oc a{e/hc)BRcos{-Kn/N) 



(14) 
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FIG. 4: Band structure corresponding to a zig-zag nanotube with a cut in the longitudinal direction, for R ~ 20 nm and B = 20 
T (in the same units as in Fig. [Sjl. 



We may form a nanotube by matching two copies of the strip, obtaining again the band structure of the latter by 
projection of the spectrum of the nanotube onto eigenmodes with odd angular dependence. Now the doubling of 
p4p realizing the mirror symmetry between the two copies gives back the same function 0, and the interaction term 
becomes 

A-w -A ( VF{e/c)BR/2 \ ,^ 

AAtp,p' - Op.,p±i Q -VF{e/c)BR/2 ) 

The band structure obtained from the diagonalization of the full hamiltonian 7i has a shape similar to that shown in 
Fig. [21 The important difference is that now the projection onto the odd eigenmodes of the nanotube reduces by a 
factor of 2 the number of states, leaving all the subbands non-degenerate. We find therefore that, in the curved strip 
which is formed by opening the nanotube by an angle of tt, the zero-energy level is already two-fold degenerate, while 
the rest of subbands coalesce in pairs at low momentum into two-fold degenerated levels. This is actually the kind of 
degeneracy that leads to the odd- integer quantization of the Hall conductivity in the planar graphene samples^' 

^From the above results we may also infer that the band structure of the carbon nanotube can be obtained from 
the superposition of the subbands of two nanotube halves in the transverse magnetic field. We can think of these 
two curved strips as the upper and the lower half of the carbon nanotube, leading to a picture in which gluing or not 
the two strips should be immaterial for the purpose of reproducing the nanotube band structure. It can be shown 
that this is actually the case, by looking at the result of cutting the nanotube at one of the flanks, where the normal 
component of the magnetic field vanishes. Unrolling then the nanotube leads to a strip with a modulation of the 
tight-binding phase 

(j) (X a{e/nc)BRcos{2TTn/N) (16) 

Its band structure can be deduced again from that of an imaginary nanotube made by matching two copies of the 
strip, with the same phase </>, after projection onto the set of odd eigenmodes of the nanotube. This nanotube model 
has an interaction term 

f VFie/c)BR/2 \ 

^^P'P' - ^P''P^^ [ -VF{e/c)BR/2 J ^^^> 

The full hamiltonian Ti has now an even dependence on the quantum number p, and it can be checked that the result 
of projecting the spectrum onto the eigenmodes with odd angular dependence produces in fact a band structure which 
is completely similar to that in Fig. [21 This provides the final evidence that the doubling of the spectrum of the 
carbon nanotube can be understood precisely from the doubling of the geometry in two equivalent upper and lower 
nanotube halves, which contribute equally to the spectrum in the transverse magnetic field. 



IV. CURRENT QUANTIZATION 



We clarify next the way in which the dispersive branches of the band structure are connected to the quantization 
of the Hall conductivity in the carbon nanotubes. The outer dispersive branches correspond to states which are 
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FIG. 5: Plot of the integral of the current j over the angular variable 6 (in units of vp) for states in the lowest Landau subband 
of Fig. m.<i)- 

localized at the flanks of the nanotube^^. This suggests the possibility that, despite having no boundary, the carbon 
nanotubes may support edge states in similar fashion as in systems vifith planar geometry. It can be shown actually 
that the current carried in the longitudinal direction by the states in the outer dispersive branches is quantized. In 
this context, the definition of the current j must be consistent with the dynamics governed by the hamiltonian (|lip . 
In real space the equation of motion for the Dirac spinor ^(a;, 0) reads 

f '^'^\-f ~^vphd, + VF^sin{9) -i{nvF/a)de \ ( ^ r\ 
* y-^L )~\ -i{hvp/a)de ivphd, - sin(0) ) ^ > 

^From (|18p we derive the continuity equation 

ai(*^*fl + = -vpd^i^+^B. - ^I^l) (19) 

which dictates the expression of the current 

j = vp{-^+^;^n--^l-^L) (20) 

The result of computing the integral over 9 of the current j for states in the lowest energy subbands is represented 
in Fig. [5l It turns out that, in general, the states corresponding to the flat part of the Landau level do not carry any 
current in the longitudinal direction, while the states in the dispersive branches saturate quickly the maximum value 
vp 3S the dispersion approaches a constant slope. 

Regarding the spatial distribution, there is also a clear correspondence between the localization of the states in the 
angular variable 9 and the value of the current. This can be appreciated from inspection of the eigenstates of the 
hamiltonian (|lip . We have represented in Fig. [S]the angular distribution of states from the lowest Landau subband 
for i? = 20 T. Each eigenfunction is in general localized around a certain value of the angular variable 9. We observe, 
for instance, that the states at = have gaussian wave functions localized at ^ = or = tt, with the contribution 
to the current from the left component compensating exactly that from the right component. For positive (negative) 
longitudinal momentum, the states in the flat zero-energy level are localized at angles between and 7r/2 (37r/2), 
or between tt and 7r/2 (37r/2), depending on the subband chosen. For the states in the dispersive branches, the 
eigenf unctions are centered around 7r/2 (for a right branch) or 37r/2 (for a left branch). Here the role of the magnetic 
field is to separate left-moving and right-moving currents at opposite sides of the tube. We actually observe that there 
is a large mismatch between \^ l\ and r\ for states in the dispersive branches, which turn out to carry nonvanishing 
chiral currents flowing at the flanks of the nanotube. 

The localization of the current in the states of the dispersive branches opens the possibility to observe the quanti- 
zation of the Hall conductivity in thick carbon nanotubes. We first remark that, in general, the value of the current 
j (more precisely the integral over 9) is proportional to the slope of the dispersion e(fc) in the given subband. This 
can be seen by taking the derivative with respect to k of the expectation value of (fTTI) in the energy eigenstates, after 
use of the Hellmann-Feynman theorem: 
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FIG. 6: Angular distribution of the eigenfunctions in the lowest Landau subband of Fig. [2jd). The panels correspond, from 
top to bottom, to longitudinal momenta k = 0.15, 0, —0.15 (in units of A^^). 



Thus we obtain 

1 dejk) 
n dk 



- dej (22) 



Let us consider first the case in which the Fermi level is above the zero-energy level but without crossing the next 
Landau subband. If we denote by eo{k) the dispersion of the lowest Landau subband, we have from (|22l) that the 
total longitudinal current I is given then by the sum of {e/h)deQ{k)/dk over all the filled modes in the energy range 
between the respective chemical potentials £l and en at the two nanotube flanks2£ 

/ = - / dkdeoik)_ ^^^^ 

^ Jfillcd states ^TT dk 

Provided that the Hall probes used to measure the difference in the chemical potential are noninvasive, as proposed 
below, the Hall voltage Vh measured by the probes has to be given by [eR — eL)/e^- Therefore the Hall conductivity, 
defined by axy = I/Vh, must have a first plateau as a function of the filling level, with a quantized value given by 
the spin degeneracy and the doubling of the subbands shown in Fig. [U^d): 



.e2 



= 4- (24) 



As the filling level is increased, the situation changes when the Fermi level starts crossing the bumps with parabolic 
dispersion shown in Fig. Hfd). The current given by Eq. (^0]) is again proportional to the slope of the energy 
dispersion. Thus, when the Fermi level intersects a parabolic branch, there are two opposite contributions to the 
longitudinal current / from the respective Fermi points. As the filling level is further increased, however, the Fermi 
points move far apart, and the contributions to the current / depend on the profile of the Hall potential across the 
section of the nanotube. 

When the Fermi level crosses several of the dispersive branches shown in Fig. [Hd), there is the question of how the 
total current / is distributed among the different subbands. This problem has been addressed in the context of the 
quantum Hall effect in quantum wires, in experimental studies measuring the spatial profile of the Hall potential^^. 
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FIG. 7: Plot of the Hall conductivity a^y (in units of e^/ft) as a function of the position of the Fermi level ef in the band 
structure of Fig. [IJd). The full line corresponds to a linear Hall voltage drop and the dashed line to a sharp voltage drop in 
the bulk of the nanotube. 

It has been shown that such a spatial dependence is dictated by the compressibility of the electron liquid. In the 
case of the carbon nanotubes, the key point is the very limited screening afforded by such low-dimensional systems. 
It seems therefore reasonable to assume that the Hall potential drop is going to be approximately linear in the bulk 
of the nanotube^^. In these conditions, we have computed the Hall conductivity as a function of the filling level. 
For the inner Landau subbands in Fig. [H^d), the difference in the chemical potential between right and left branches 
£r — El is in general below the potential measured by the Hall contacts. The contribution of each inner dispersive 
branch to the Hall conductivity turns out to be then smaller than the quantized value from the outermost edge states. 
Consequently, an approximate quantization of Uxy is observed above the first plateau, as shown in Fig. [7l with steps 
according to the degeneracy of the subbands: 

a^y « (2 + 4n)2— (25) 

The appearance of sharper steps in the Hall conductivity is achieved in general in samples with larger transverse 
size, and it can be also favored by the use of wider Hall contacts that induce a smoother drop of the Hall voltage at 
the edges^. In practice, a real measure of the Hall conductivity may be then between the two curves displayed in 
Fig. [71 

V. CONCLUSION 

We have shown that, for thick carbon nanotubes in a transverse magnetic field, the transport properties are governed 
by the states localized at the flanks of the nanotube, which carry quantized currents in the longitudinal direction. 

For nanotubes with a radius i? « 20 nm, in a magnetic field of « 20 T, the band structure already shows a clear 
pattern of Landau levels. This opens the possibility of observing the quantization of the Hall conductivity in multi- 
walled nanotubes, where typically only the outermost shell is contacted by electrodes in transport experiments. In 
a suitable experimental setup, a metallic gate should be prepared as part of the substrate, to be used as a voltage 
probe contacting the bottom of the nanotube. The magnetic field should be oriented parallel to the substrate and 
perpendicular to the carbon nanotube. Then, by establishing a fixed current along the nanotube, changes in the Hall 
voltage at the top of the nanotube have to be observed upon variation of the magnetic field strength or the chemical 
potential in the nanotube. Longitudinal currents of the order of ~ 1 are quite affordable and, according to (|25p . 
they have to give rise to Hall voltages of the order of '--^ 1 mV. A scanning tunneling microscope (STM) tip may be 
used to contact the top part of the nanotube and to measure the voltage with respect to that of the metallic gate at 
the bottom. As the STM device may easily appreciate differences of the order of ~ 10~^ eV, it has to be possible to 
observe at least the first steps in the Hall voltage implied by the quantization rule ((25|l . 

The observation of the plateaus in the Hall voltage should be fairly insensitive to the presence of moderate disorder 
in the nanotube samples, as long as the effect rests on the existence of chiral currents at opposite flanks of a nanotube. 
The overlap between states with currents flowing in opposite direction is exponentially small, so that the chiral currents 
cannot suffer significant backscattering from impurities or lattice defects. It is only at the electrodes, where the chiral 
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currents meet, that backscattering may appear. As usually done in the context of the Hall effect in mesoscopic wires, 
this may be accounted for by means of a suitable transmission coefficient, that would reflect as an additional factor 
in the relation between the longitudinal current and the Hall voltage^^. 

Finally, we remark that the absence of significant backscattering interactions leads to good perspectives to measure 
the properties of a robust chiral liquid at the flanks of the nanotube, which could be accomplished in particular by 
means of scanning tunneling spectroscopy. 
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